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Abstract In this article, we describe horizontal groundwater flow due to a uniform flow
at infinity around a cylindrical or elliptical inhomogeneity, where the permeability inside the
inhomogeneity is anisotropic and different from the isotropic domain outside the inhomo-
geneity. The orientation of the uniform flow with respect to the orientation of the ellipse is
arbitrary as well as the orientation of the anisotropy inside the ellipse. We derive an expres-
sion for the ratio of the flow through the ellipse with respect to the flow in the homogeneous
case.
Keywords Analytical solution · Groundwater flow · Anisotropy ·
Cylindrical inhomogeneity · Elliptical inhomogeneity
1 Introduction
In this article, we describe horizontal groundwater flow due to a uniform flow at infinity
around a cylindrical or elliptical inhomogeneity, where the permeability inside the inhomo-
geneity is anisotropic and different from the isotropic domain outside the inhomogeneity.
We assume that these inhomogeneities extend over the full height of the aquifer. Study of
groundwater flow in a system with many such inhomogeneities gives insight into the char-
acteristics of such aquifers with respect to flow and transport behaviour (Phillips et al. 1991,
Sect. 3.8, Zimmerman 1996; Dagan and Lessoff 2001; Dagan et al. 2003; Jankovic´ et al.
2003a,b; Suribhatla et al. 2004; Mityushev 2009, among others).
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The remarkable phenomenon of the straight lines of the isohypses and the flow paths
inside the inhomogeneity is here present too, but of course, for the anisotropic case, these
lines are not any longer perpendicular.
Firstly, we derive the permeability tensor inside the anisotropic inhomogeneity. Next, we
study the cylindrical case and thereafter, the elliptic case. We derive an expression for the
ratio of the total flow through the inhomogeneity with respect to the homogeneous case. Our
main results are (33), (34), and (39). The theory is applied for a number of examples.
The results of this article could be applied in fields as electrical conductivity, thermal
conductivity, magnetic permeability, and anti-plane shear displacement in elasticity (with
perfectly bonded inclusion), among others, as well.
In principle, this article is self-contained. Details of a number of calculations have been put
in Appendices as a separate ESM (Electronic Supplementary Material) file, where it is also
shown that the results for the cylinder can be recovered by a suitable limit process applied
to the formulas for the elliptic case.
2 Mathematical Model
A derivation of the equations steering groundwater flow for a general permeability matrix we
refer to Carslaw and Jaeger (1959, pp. 38–49), Bear (1972, pp. 136–147), and Batu (2006,
pp. 237–250).
Here, we study the groundwater head of a uniform flow at infinity due to a cylindrical
or an elliptical inhomogeneity. The problem for a cylinder is part of the standard hydrology
curriculum. The problem for an isotropic ellipsoidal inhomogeneity has been solved before,
see Carslaw and Jaeger (1959, pp. 427–428), and for an isotropic elliptical inhomogeneity in
different ways by Obdam and Veling (1987) and Dagan and Lessoff (2001). Here, we assume
that the permeability inside the inhomogeneity is not isotropic, but anisotropic, where the
principal direction s1 of the permeability (K1 [LT−1]) makes an angle φ [−] with the positive
X axis. The other direction s2 is perpendicular to s1 and has a permeability of K2 [LT−1].
We assume K1 ≥ K2. Dagan (1989, pp. 195–197) gives the solution for the flow past an
isotropic spheroid submerged in an anisotropic matrix, with flow parallel to one of the axes.
The groundwater head ho [L] at infinity (and so outside the inhomogeneity) has the
representation





with K o [LT−1] the permeability outside the cylinder, H [L] the thickness of the aquifer,
Q0 [L2T−1] the discharge per line segment perpendicular to the flow and ψo [−] the angle
with the positive X -axis of the natural groundwater flow at infinity and ˜Q [−] a dimensionless
constant. Since the groundwater head is independent of the height in the aquifer, we suppress
in the sequel all dependencies in the z direction.
If we denote qs [LT−1] as the specific discharge in the s direction, then the specific dis-
charges outside the inhomogeneity and the Laplace equation hold in the standard way as
qox = −K o
∂ho
∂x
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In Appendix A (ESM), we derive specific discharges qix and qiy in terms of K1, K2, and















Kxx = K1 cos2 φ + K2 sin2 φ = 12 [(K1 + K2) + (K1 − K2) cos(2φ)] ,
Kyy = K1 sin2 φ + K2 cos2 φ = 12 [(K1 + K2) − (K1 − K2) cos(2φ)] ,
Kxy = Kyx = (K1 − K2) sin φ cos φ = 12 (K1 − K2) sin(2φ). (5)
And for convenience, we introduce the shorthand notation S = −Kxx , T = −Kyy , and































which has to be compared with (3). See Appendix A (ESM) for the relation between
Kxx , Kyy, Kxy and K1, K2, φ.
The full mathematical model consists now of the combination of the Eqs. 1, 3, and 6
together with conditions of continuity of the head and the flux at the boundary of the
inhomogeneity :
hi (x, y) = ho(x, y), (x, y) ∈ ∂, (7)
qin(x, y) = qon (x, y), (x, y) ∈ ∂, (8)
where n is the normal direction to the boundary of .
3 Circular Inhomogeneity
In this case, the inhomogeneity  is represented as
Ω = {(x, y, z) | x2 + y2 ≤ R2, 0 ≤ z ≤ H}, (9)
with R [L] the radius of the cylinder. It is appropriate to use cylindrical coordinates for this
problem, so
x = r cos θ, y = r sin θ, (10)
where r > 0, and 0 ≤ θ < 2π .
For the translation of the specific discharges qor , qir in terms of K o, K1, and K2 and the
head hi and ho, we apply the Law of Darcy. Since the outer domain is isotropic there holds
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and that means that at the boundary ∂
qor (R, θ) = −K o
∂ho
∂r
, (x = R cos θ, y = R sin θ). (12)
The conditions at the boundary ∂ of  can be written as
hi (x, y) = ho(x, y), (x = R cos θ, y = R sin θ), (13)
qir (x, y) = qor (x, y), (x = R cos θ, y = R sin θ). (14)
In Appendix B (ESM), we derive expressions for qir (and qiθ ). The set of the Eqs. 1, 3, 6, 13,
and 14 determine the problem uniquely.
Based on experience in Obdam and Veling (1987), we postulate as solution
hi (x, y) = Ax + By, or equivalently, hi (r, θ) = Ar cos θ + Br sin θ, (15)
and
ho(x, y) = ˜Q (x cos ψo + y sin ψo) + R2 Cx + Dy






ho(r, θ) = ˜Q (r cos θ cos ψo + r sin θ sin ψo) + R2 C cos θ + D sin θ
r
, (16)
where A, B, C , and D [−] are arbitrary constants for the moment. The requirements (13)
and (14) will determine these constants. It can easily be seen that (15), (16) satisfy (6), (3),
respectively. At infinity (i.e., |x |, |y| → ∞) ho(r, θ) (16) satisfies (1).
In Appendix C (ESM), we solve for the constants A, B, C , and D. Finally, we present
the solution in the original coordinates (x, y)
hi (x, y) = ˜Q (2K o)
[{(
cos2 φ
K o + K1 +
sin2 φ





sin φ cos φ
K o + K1 −
sin φ cos φ







sin φ cos φ
K o + K1 −
sin φ cos φ






K o + K1 +
cos2 φ








ho(x, y) = ˜Q (x cos ψo + y sin ψo)
+ ˜Q R2
[[{
(K o − K1) cos2 φ
K o + K1 +
(K o − K2) sin2 φ





sin φ cos φ
K o + K1 −
sin φ cos φ












sin φ cos φ
K o + K1 −
sin φ cos φ





(K o − K1) sin2 φ
K o + K1 +
(K o − K2) cos2 φ
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The inclination χ of the parallel isohypses inside the cylinder follows from (17) as
tan χ = − A
B
= − (T − K
o) cos ψo − U sin ψo
−U cos ψo + (S − K o) sin ψo
=
(
K o + K2 cos2 φ + K1 sin2 φ
)
cos ψo + ((K1 − K2) sin φ cos φ) sin ψo
((K1 − K2) sin φ cos φ) cos ψo −
(




The uniform direction of the flow inside the cylinder follows from (4)













= UA + TB
SA + UB
= −K
oU cos ψo + (K1 K2 − K oT ) sin ψo
(K1 K2 − K o S) cos ψo − K oU sin ψo , (20)
since ST − U 2 = K1 K2, see also ESM (C-8).
For the isotropic case K1 = K2, we have S = T = −K1, U = 0, and it follows that
tan ψ i = B/A, which means that the flow lines are perpendicular to the isohypses inside the
cylinder (tan ψ i tan χ = −1), as it should be.
4 Elliptical Inhomogeneity
In this case, the inhomogeneity can be represented as






≤ 1, 0 ≤ z ≤ H}, (21)
where a, b [L] are the semimajor and semiminor axes of the ellipse with a > b. It is appro-
priate to use elliptical coordinates for this problem, so
x = c cosh ξ cos η, y = c sinh ξ sin η, (22)
where c2 = a2 −b2, ξ > 0, and 0 ≤ η < 2π . The variable ξ measures the size of the ellipse
and the variable η is the azimuth:
a = c cosh ξ0, b = c sinh ξ0. (23)
We introduce also the variable
τ 2 = sinh2 ξ cos2 η + cosh2 ξ sin2 η = sinh2 ξ + sin2 η = cosh2 ξ − cos2 η. (24)
In Appendix D (ESM), we derive expressions for the Laplacian and qiξ (and qiη). Then,
conditions at the boundary ∂ of  can be written as
hi (ξ0, η) = ho(ξ0, η), for
{
x = c cosh ξ0 cos η = a cos η,
y = c sinh ξ0 sin η = b sin η, (25)
qiξ (ξ0, η) = qoξ (ξ0, η), for
{
x = c cosh ξ0 cos η = a cos η,
y = c sinh ξ0 sin η = b sin η. (26)
The set of the Eqs. 3, 6, 25, and 26 determine the problem uniquely.
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Again, based on experience in Obdam and Veling (1987), we postulate as solution
hi (x, y) = Ax + By,
or equivalently,
hi (ξ, η) = Ac cosh ξ cos η + Bc sinh ξ sin η, (27)




ho(ξ, η) = ˜Qc (cosh ξ cos η cos ψo + sinh ξ sin η sin ψo)
+ c (Ce−ξ cos η + De−ξ sin η) , (28)
where A, B, C , and D [−] are arbitrary constants for the moment. The requirements (25)
and (26) will determine these constants A, B, C , and D. It can easily be seen that (27)





















(see ESM (D-14) for the derivation). At infinity (i.e., ξ → ∞) ho(ξ, η) (28) satisfies (1).
In Appendix E (ESM), we solve for the constants A, B, C , and D, with the results
A = F [(T a − K ob) cos ψo − Ub sin ψo] , (29)






ab − K ob2 + (T ab − Sb2)
}















where S = −Kxx , T = −Kyy , and U = −Kxy (see (5)), and with the definition for the
common factor F
F = ˜Q −K
o (a + b)
(
K o2 + K1 K2
)
ab − K o (T a2 + Sb2) .
The inclination χ of the parallel isohypses inside the ellipse follows from (27) as
tan χ = − A
B
= − (T a − K
ob) cos ψo − Ub sin ψo
−Ua cos ψo + (Sb − K oa) sin ψo . (33)
The uniform direction of the flow inside the ellipse follows from (4)













= UA + TB
SA + UB
= {−K
o ((−K1 + K2) sin φ cos φ) b} cos ψo +
{
K1 K2b − K o






K1 K2a − K o
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We remark that for the isotropic case K1 = K2 = K i ,
tan χ = − K
i a + K ob
K i b + K oa cot ψ
o,
tan ψ i = K
i b + K oa
K i a + K ob tan ψ
o,
which means that the flow lines are perpendicular to the isohypses inside the ellipse
(tan ψ i tan χ = −1), as it should be. The expressions for the isotropic case have been found
earlier (Obdam and Veling 1987).
In Appendix F (ESM), we show how the results for the circular inhomogeneity can be
found in the limit for c → 0.
5 Flow Through the Inhomogeneity
An interesting application of the results found in the former sections is the possibility to find
the flow through the inhomogeneity, and in particular the ratio of the flow with respect to
the flow in the homogeneous case (K o = K1 = K2). Since the stream function is now not
available because of the anisotropy, in contrast to the method in Obdam and Veling (1987),
we have to integrate the flux along the border of the inhomogeneity from the two points
(η1, η2), where the flow inside is tangent to the border of the ellipse. The flow inside is given
by (34), and that direction should be equal to
dy/dη
dx/dη
= − sinh ξ0 cos η
cosh ξ0 sin η




tan ψ i = UA + TB
SA + UB = −
b cos ηi
a sin ηi
, i = 1, 2, with η2 = η1 + π. (35)















































where τ is defined in (24). The flux has been given by ESM (E-1)
qiξ (ξ0, η) =
1
τ
[A (S sinh ξ0 cos η + U cosh ξ0 sin η)
+ B (T cosh ξ0 sin η + U sinh ξ0 cos η)] ,











[A (S sinh ξ0 cos η + U cosh ξ0 sin η)
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Since, again by (35)
tan η2 = −b (SA + UB)
a (UA + TB) , sin η2 =
tan η2
√
1 + tan2 η2
, cos η2 = 1√





a2(UA + TB)2 + b2 (SA + UB)2. (37)
For the homogeneous case (K o = K1 = K2 = K ), we have S = T = −K o, U = 0,







a2 sin2 ψo + b2 cos2 ψo. (38)
That means that the ratio reads
R(K o, K1, K2, φ, a, b, ψo) = FFhom =
√






a2 sin2 ψo + b2 cos2 ψo
. (39)
Some particular cases are
R(K o, K1, K2, 0, a, b, 0) = K1(a + b)K oa + K1b , (40)
R(K o, K1, K2, 0, a, b, π/2) = K2(a + b)K ob + K2a , (41)
R(K o, K1, K2, π/2, a, b, 0) = K2(a + b)K oa + K2b , (42)
R(K o, K1, K2, π/2, a, b, π/2) = K1(a + b)K ob + K1a , (43)
R(K o, K1, 0, φ, a, b, φ) = K1ab + K1(a
2 sin2 φ + b2 cos2 φ)
K oab + K1(a2 sin2 φ + b2 cos2 φ)
, (44)
R(K o, K1, 0, φ, a, b, φ + π/2) = K1(a
2 − b2) sin φ cos φ
K oab + K1(a2 sin2 φ + b2 cos2 φ)
×
√
a2 sin2 φ + b2 cos2 φ
a2 cos2 φ + b2 sin2 φ , (45)
and the corresponding limit cases for a very long, flat ellipse, almost a long slit,
lima/b→∞ R(K o, K1, K2, 0, a, b, 0) = K1K o , (46)
lima/b→∞ R(K o, K1, K2, 0, a, b, π/2) =
{
1, if K2 = 0,
0, if K2 = 0, (47)
lima/b→∞ R(K o, K1, K2, π/2, a, b, 0) = K2K o , (48)
lima/b→∞ R(K o, K1, K2, π/2, a, b, π/2) = 1, (49)
lima/b→∞ R(K o, K1, 0, φ, a, b, φ) =
{
1, if sin φ = 0,
K1
K o , if sin φ = 0,
(50)
lima/b→∞ R(K o, K1, 0, φ, a, b, φ + π/2) =
{
1, if sin φ cos φ = 0,
0, if sin φ cos φ = 0. (51)
123
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For the isotropic case (K1 = K2 = K i ), we have S = T = −K i , U = 0,
A = K
o
˜Q(a + b) (K i a + K ob)
(




˜Q(a + b) (K oa + K i b)
(
K oa + K i b) (K i a + K ob) sin ψ
o,
so
R(K o, K i , K i , φ, a, b, ψo) =
K i (a + b)
(




K oa + K i b)2 sin2 ψo + b2 (K i a + K ob)2 cos2 ψo
√
a2 sin2 ψo + b2 cos2 ψo
.
(52)
Introducing the notation θ = K i/K o, g = b/a, we have found this way the same expres-
sion as in Obdam and Veling (1987, Eq. 7). Note that in Obdam and Veling (1987), there is
a factor 2 missing for the expression for the flow through the ellipse (two lines above Eq. 7
in that reference).
For a cylinder, we find by taking a = b = R in (39):
R(K o, K1, K2, φ, R, R, ψo) =
√






A particular case for general K1 and K2 is
R(K o, K1, K2, φ, R, R, φ) = 2K1K o + K1 , (54)
which is independent of K2. This case represents a cylinder where the principal direction φ
is the same as the flow at infinity ψo. The ratio R (54) is now the same as for the isotropic
case (57) below.
Another case is where the principal direction φ is perpendicular to ψo
R(K o, K1, K2, φ, R, R, φ + π/2) = 2K2K o + K2 . (55)
This result is of course independent of K1. If K2 = 0 in (55), we have
R(K o, K1, 0, φ, R, R, φ + π/2) = 0, (56)
so, there is now no flow at all through the cylinder.
Now, the isotropic case
(
K1 = K2 = K i , S = T = −K i , U = 0, A = ˜Q 2K
o
K o + K i
cos ψo, B = ˜Q 2K
o




R(K o, K i , K i , φ, R, R, ψo) = 2K
i
K o + K i , (57)
as has been found before (Obdam and Veling 1987). This result is of course independent
of φ.
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The function ho is related to the so-called comprehensive potential o(u) (see Strack
1989; Obdam and Veling 1987) as (with u = ξ + iη)
ho = 1K o H Re o(u) with





cosh ξ cos η cos ψo + sinh ξ sin η sin ψo)
− ic (cosh ξ cos η sin ψo − sinh ξ sin η cos ψo)}
+ K o H {Cce−ξ cos η + Dce−ξ sin η + i (−Cce−ξ sin η + Dce−ξ cos η)} .
(58)
For the domain inside the inhomogeneity, the theory using complex variables is not applica-
ble since the Laplace equation does not hold there. We can construct a pseudo comprehensive
potential i (u) in such a way, that for K1 = K2 = K i the functions Re i (u) and Im i (u)
correspond to hi and the stream function  i (u) as follows
Ω i (u) = Φ i (u) + iΨ i (u) = H [K o (Ax + By) + i {(U A + T B) x − (S A + U B) y}] ,
(59)
with
hi = 1K o H Re Ω i (u),
and
Ψ i (u) = H {(U A + T B) x − (S A + U B) y} . (60)



















φ  = 180°
ψo = 45°




Fig. 1 Example 6.1. Contourlines for the head and stream functions for the isotropic case with K o =
10 m/d, K1 = K2 = K i = 0.5 md−1. The head levels run from −2.35 to 2.35 m relative to some reference
head with steps of 0.05 m and the stream function runs from −189 to 189 m3d−1 with steps of 5 m3d−1. This
figure is identical to Fig. 5 in Obdam and Veling (1987)
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φ  = 30°
ψo = 45°




Fig. 2 Case with φ = π/6



















φ  = 60°
ψo = 45°




Fig. 3 Example 6.2. Case with φ = π/3
6 Examples
Based on the formulas above, we constructed a Matlab©-script to contour the functions ho
and hi . Moreover, we use the o and the  i functions, the imaginary parts of the compre-
hensive potentials o and i (see (58) and (59)):
Ψ o(u) =
Im Ωo(u) = −Q0
(−x sin ψo + y cos ψo) + K o H (−Cce−ξ sin η + Dce−ξ cos η) ,
123
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φ  = 90°
ψo = 45°




Fig. 4 Example 6.2. Case with φ = π/2



















φ  = 120°
ψo = 45°




Fig. 5 Example 6.2. Case with φ = 2π/3
Ψ i (u) =
Im Ω i (u) = H K i (Ay − Bx) , for the isotropic case, and
Im Ω i (u) = H {(U A + T B) x − (S A + U B) y} , for the anisotropic case.
Contours of Ψ o and Ψ i give the streamlines.
6.1 Example 1
Firstly, we treat the case of an isotropic inhomogeneity as in Obdam and Veling (1987, Fig. 5)
and we recover the same isohypses and stream functions, see Fig. 1.
123
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φ  = 150°
ψo = 45°




Fig. 6 Example 6.2. Case with φ = 5π/6











Inclination ψi (flow) & inclination χ (head) inside inhomogeneity











χ + 90 [°]
a    [L]    = 20
b    [L]    = 10
K o [L/T] = 10
K1  [L/T] = 5
K2  [L/T] = 1
Fig. 7 Example 6.2. Inclination ψ i (flow), χ (head) and χ + 90◦ inside the inhomogeneity as function of
the principal direction φ. Permeability parameters are K o = 10 md−1, K1 = 5 md−1 and K2 = 1 md−1
and ψo = π/4, a = 20 m, b = 10 m. The ‘+’ marks correspond to φ = π/6, π/3, π/2, 3π/4 and 5π/6,
respectively. As can be seen in Fig. 6, the inclination for φ = 5π/6 = 150◦ has a lower value than that for
φ = 2π/3 = 120◦ in Fig. 5. For φ close to 5π/6 the isolines are perpendicular (see Fig. 6)
6.2 Example 2
Here, we study the influence of the angle φ. For a case with K o = 10 md−1, K1 = 5 md−1
and K2 = 1 md−1, a = 20 m, b = 10 h, we show the isohypses and stream functions in
Figs. 2, 3, 4, 5, and 6 for five different cases with φ = π/6, π/3, π/2, 2π/3 and 5π/6,
respectively, and all with ψo = π/4.
For this case, we show also the function (34) of the inclination ψ i as function of the
principal direction φ, see Fig. 7, for those parameter values. This function is periodic with
123
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Ratio flow through inhomogeneity w.r.t. homogeneous case
as function of the principal direction φ with ψo = 45 °
Ratio for circle R = 20
Ratio for
a    [L]    = 20
b    [L]    = 10
K o  [L/T] = 10
K1  [L/T] = 5
K2  [L/T] = 1
Fig. 8 Example 6.2. Ratio flow through inhomogeneity as function of φ for an ellipse and circle for ψo = π/4.
The ratio flow for the circle shows a maximum for φ = π/4 = 45◦ and a minimum for φ = 3π/4 = 135◦.
The ‘+’ marks correspond to φ = π/6, π/3, π/2, 3π/4, and 5π/6, respectively














Ratio flow through inhomogeneity w.r.t. homogeneous case
as function of the principal direction φ with ψo = 45 °
Ratio flow for
a    [L]    = 20
b    [L]    = 10
K o [L/T]  = 10
K1  [L/T] = 1000
K2  [L/T] = 0
Fig. 9 Example 6.3. Ratio flow through inhomogeneity as function of φ for an ellipse with a high
value for K1 = 1000 md−1, and K2 = 0 md−1, and ψo = π/4. The ‘+’ marks correspond to
φ = π/6, π/3, π/2, 3π/4, and 5π/6, respectively
period π , as is clear from the formulas with the terms sin2 φ, cos2 φ and sin φ cos φ. In the
same figure, we show the inclination of the isohypses inside the inhomogeneity. Moreover,
the crossings of this inclination added with 90◦ with the inclination ψ i give those values
for φ where the iso-lines are perpendicular. As is clear from Fig. 7 this occurs for a value
of φ close to 5π/6 as can be seen in Fig. 6. In Fig. 8, the function R is presented both for
this elliptical inhomogeneity and for a cylinder with the same parameters. It is clear that for
123
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φ  = 27.25°
ψo = 45°




Fig. 10 Example 6.3. Case with high permeability into just one direction φ, so K2 = 0 md−1. That direction
φ has been chosen such that ratio flow through the inhomogeneity w.r.t. the homogeneous case is maximal,
see Fig. 9



















φ  = 153.4349°
ψo = 45°




Fig. 11 Example 6.3. Case with high permeability into just one direction φ, so K2 = 0 md−1. That direction
φ has been chosen such that ratio flow through the inhomogeneity w.r.t. the homogeneous case equals 0,
see Fig. 9. The value for φ follows from tan(φ) = −b/a
φ = π/4 = 45◦, the flow is maximal for the cylinder, because then φ has the same value as
ψo, while for φ = 3π/4 = 135◦ the flow is minimal.
6.3 Example 3
Here, we show two cases where inside the inhomogeneity the permeability in one direction
is very high and in the direction perpendicular to that direction the ground is impermeable
(K o = 10 md−1, K1 = 1000 md−1, K2 = 0 md−1, ψo = π/4). For K2 = 0 md−1 the
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relation ψ i = φ always hold, see (34), because of the simplified expressions for S, T , and U
in that case. In Fig. 9, we show the relative flow through the ellipse as function of φ. In Fig. 10,
the direction φ = φmax has been chosen such that the ratio of the flow through the inhomoge-
neity w.r.t. the homogeneous case is maximal, see Fig. 9. The value for χ = arctan(−A/B)
changes quickly around φ = φmax since in that neighbourhood the expression for B (which is




b− K oa ) becomes 0 for a value of φB , with
φB close to φmax. We found numerically φmax = 27.25001822◦, and φB = 27.14094131◦.
In Fig. 11, the direction φ = φmin has been chosen such that this ratio is 0. For this example
(with ψo = π/4), the value for φmin follows from tan(φmin) = −b/a = −1/2. That relation
holds since for the case R(K o, K1, K2, φ, a, b, ψo) = 0 we have both AU + BT = 0 and
AS + BU = 0, which implies tan χ = −A/B = T/U = tan φ. The last identity holds since
K2 = 0, and for ψo = π/4 the expression −A/B = −b/a, and so tan φ = −b/a. We found
numerically φmin = 153.4349488◦.
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